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Abstract

Closed form analytical equations are important tools for predicting and optimizing the behavior of a piezoelectric microactuator for

micropump applications. However, there is no reliable analytical solution to date to analyze the behavior of a circular piezoelectric

microactuator for a valveless micropump. In this paper, a linear strain distribution is assumed across the thickness of the passive plate of the

lead zirconate titanate (PZT) actuator given that the mechanical properties such as Young’s modulus and Poisson ratio of the actuator and the

passive plate are close. An analytical equation for the passive plate deflection is derived upon this assumption. The analytical result shows

excellent agreement with experimental data as well as the results from finite element simulation. Based on this analytical model, the effects of

several important parameters and nondimensional variable groups on the actuator performance have been investigated. These parameters and

variables include the dimensions and mechanical properties of the PZT disk, the passive plate, and the bonding layer material.

# 2003 Elsevier Science B.V. All rights reserved.
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1. Introduction

Piezoelectric actuators have been widely used in mechan-

ical actuation and sound generating or receiving devices [1].

To predict and optimize the behavior of the piezoelectric

actuator, Crawley and Anderson developed an analytical

model for a PZT actuator based on a uniform strain assump-

tion [2]. This model is valid for a thin piezo-disk, where the

disk thickness is less than half of the passive plate thickness.

Kim and Jones used a linear strain assumption to predict an

optimal rectangular actuator-to-plate thickness ratio at dif-

ferent Young’s modulus ratios by optimizing the moment

applied by a dual layer piezoelectric actuator [3]. The linear

strain assumption provided a good approximation for the

rectangular shape actuator when the bonding layer is thin.

Ray et al. conducted three-dimensional analytical analysis

for a rectangular, simply supported, multiple-layer piezo-

electric passive plate [4]. Chaudhry and Rogers presented a

mathematical model for determining the optimum thickness

ratio. They also predicted optimal length ratios for a rec-

tangular actuator patch on a rectangular plate with fixed

boundary [5]. For a circular bimorph, Yanagisawa and

Nakagawa presented an analytical equation to optimize

the radius of a resonant piezoelectric actuator with a limited

number of thickness ratios [6]. Dobrucki and Pruchnicki

studied an axisymmetric bimorph using a finite element

method. An analytical model was also presented for the

deflection of the bimorph with the piezoelectric element

covering the entire plate. A free boundary was assumed in

their work [7]. Tzou [8] and Larson [9] conducted compre-

hensive investigation on composite piezoelectric shell mod-

els with various shapes and applications. A comprehensive

review of analytical and numerical approaches to model and

optimize PZT actuator behavior was recently given by Chee

et al. [1].

In the micro-electro-mechanical systems (MEMS) area, a

piezoelectric actuator has also been widely used in micro-

pumps and other actuation devices [10,11,14]. Yoon and

Washington proposed moment balance method to analyze

beam type piezoelectric actuator [13]. DeVoe et al. derived

an analytical model for a beam type of piezoelectric micro-

actuators that included the bonding layer effects [11,12].

Cao et al. presented a simplified analytical model for a thin

passive plate type of piezoelectric microactuators in valve-

less micropump applications. In order to obtain a closed

form analytical solution, major assumptions such as the

entire passive plate to be covered by a PZT layer and no

transverse shear have to be made [15]. Such assumptions

may result in a significant discrepancy between the analy-

tical results and experimental results [15,16]. For this rea-

son, a finite element method has been the main approach to
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analyze and optimize the piezoelectric microactuator con-

sisting of a PZT disk, bonding material, and a passive plate

[7,14].

In this paper, a new analytical equation is derived based on

linear strain assumptions to analyze the passive plate deflec-

tion in a piezoelectric microactuator. Results from this

equation are compared with previously published experi-

mental data and finite element simulation. Furthermore, the

analytical model is used to investigate the effects of several

critical design parameters and nondimensional variable

groups on the performance of the actuator.

2. Analytical analysis of the single piezoelectric
actuator

A typical PZT-actuated valveless micropump is shown in

Figs. 1 and 2 [10,17–19]. The PZT disk is bonded to the

passive plate using a thin layer of conducting epoxy. When

an electric filed is applied to the PZT disk, the strain

produced in the PZT disk causes the passive plate to expand

or contract, resulting in actuation for the micropump. There-

fore, the liquid can be pumped in or out of the chamber. A

net flow is formed from the inlet to the outlet due to the

function of the diffuser or nozzle depending on the flow

direction. For convenience of analysis, we divided this

structure into two parts: one is the three-layer structure

including the PZT disk, the bonding material, and the

passive plate beneath the bonding layer, the other is the

rest of the passive plate part. The moment balance for each

part is shown in Fig. 3.

As shown in Fig. 4, there exists a neutral surface that does

not have transverse strain or radial strain. The potential

energy in the neutral surface reaches a minimum value [7].

The location of this neutral surface is found to be

where E represents the Young’ modulus, g is the Poisson

ratio, and h is the thickness. The subscript p, b, and pzt

represent the passive plate, the bonding layer, and the PZT

disk, respectively.

Fig. 1. Schematic of a single piezoelectric layer micropump actuator.

Fig. 2. The PZT actuation valveless micropump schematics.

Fig. 3. Moment balance of the piezoelectric microactuator.

h ¼ 1

2

ðEph2
p=ð1 � g2

pÞÞ þ ðEb½ðhb þ hpÞ2 � h2
p�=ð1 � g2

bÞÞ þ ðEpzt½ðhb þ hp þ hpztÞ2 � ðhp þ hbÞ2�=ð1 � g2
pztÞÞ

ðEphp=ð1 � g2
pÞÞ þ ðEbhb=ð1 � g2

bÞÞ þ ðEpzthpzt=ð1 � g2
pztÞÞ

(1)
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For most valveless micropumps developed, a Pyrex 7740

glass wafer is used to bond with the silicon substrate to seal

the pumping chamber [10,17–19]. The Young’s modulus and

Poisson ratio of the Pyrex 7740 glass material are close to

those of the PZT material. Given that the three-layer struc-

ture is thin compared to its radius of curvature, a linear strain

distribution across the thickness direction can be assumed in

this structure. Therefore, the strain at the interface will be

continuous and the radius of curvature for each layer shares

the same center.

For the bonding material, the stress follows

sb ¼ Eb

1 � gb

eb (2)

where eb is the strain of the bonding material. Since the strain

distribution is assumed to be linear, we have

eðzÞ ¼ ep ¼ eb ¼ epzt ¼ zk (3)

sp ¼ si

hp � h
z (4)

where z is the deflection from the neutral surface, si the

stress at the interface between the bonding layer and the

passive plate, and h is the distance between the neutral

surface and the bottom surface of the passive plate. The

passive plate, the bonding layer, and the PZT disk have

different deflection from the neutral surface. The strain slope

is given by

k ¼
1 � gp

Ep

si

hp � h
(5)

The stress distribution in the bonding layer follows

sb ¼ Eb

1 � gb

kz ¼
1 � gp

1 � gb

Eb

Ep

si

hp � h
z (6)

For an actuator with a single piezoelectric layer, the PZT

disk has five independent elastic material constants and three

independent piezoelectric constants. However, because the

strains in the z-direction cannot generate traction forces at

the interface surfaces and the micropump working frequency

is much lower than the resonant frequency of the PZT

actuator that is typically over 1 MHz, the PZT material is

assumed to be elastically isotropic. From the linear piezo-

electric constitutive equations, the stress and strain relation-

ship for the PZT-actuator can be expressed as

spzt ¼
Epzt

1 � gpzt

kz � V

hpzt

d31

� �

¼
sið1 � gpÞEpzti

ð1 � gpztÞEpðhp � hÞ z � Epzt

1 � gpzt

V

hpzt

d31 (7)

where d31 is the electrical–mechanical coupling coefficient

in the z-direction and V is the working voltage.

Balancing the moment in the three-layer structure gives

Z hp�h

�h

spz dz þ
Z hp�hþhb

hp�h

sbz dz þ
Z hp�hþhbþhpzt

hp�hþhb

spztz dz ¼ 0

(8)

Let h0 ¼ hp � h, we have

si ¼
3ZVd31ð2h0 þ 2hb þ hpztÞh0

2ðh03 þ h3 þ aððh0 þ hbÞ3 � h03Þ
þ bððh0 þ hb þ hpztÞ3 � ðh0 þ hbÞ3ÞÞ

(9)

where a ¼ ðð1 � gpÞ=ð1 � gbÞÞðEb=EpÞ, b ¼ ðð1 � gpÞ=
ð1 � gpztÞÞðEpzt=EpÞ and Z ¼ Epzt=ð1 � gpztÞ.

The moment M1 is given by

M1 ¼
Z h0

�h

spz dz

¼ ZVd31ð2h0 þ 2hb þ hpztÞðh03 þ h3Þ
2ðh03ð1 � aÞ þ h3 þ ða� bÞðh0 þ hbÞ3

þ bðh0 þ hb þ hpztÞ3Þ

(10)

Fig. 4. Linear strain distribution and nonlinear stress distribution in the passive plate, the bonding layer, and the PZT disk.
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Following Christensen’s work [20], we derived the

Young’s modulus and the Poisson ratio for the three-layer

structure. For the PZT and the bonding layer

E0 ¼ C1Epzt þ C2Eb þ
C1C2EpztEbðgpzt � gbÞ

2

C1Epztð1 � gb
2Þ þ C2Ebð1 � gpzt

2Þ
(11)

g0 ¼
C1gpztEpztð1 � gb

2Þ þ C2gbEbð1 � gpzt
2Þ

C1Epztð1 � gb
2Þ þ C2Ebð1 � gpzt

2Þ (12)

where C1 ¼ hpzt=h00 and C2 ¼ hb=h00, h00 ¼ hpzt þ hb.

Now let hall ¼ hpzt þ hb þ hp, the Young’s modulus Ec

and Poisson ratio gc for this three-layer structure are

Ec ¼ C1
0E0 þ C2

0Ep þ
C1

0C2
0E0Epðgp � g0Þ2

C1
0Epð1 � g02Þ þ C2

0E0ð1 � g2
pÞ

(13)

gc ¼
C1

0gpEpð1 � g02Þ þ C2
0g0E0ð1 � g2

pÞ
C1

0Epð1 � g02Þ þ C2
0E0ð1 � g2

pÞ
(14)

where C1
0 ¼ hp=hall and C2

0 ¼ h00=hall.

For the passive plate, a general solution for its deflection

W1 is given by [21]

W1ðrÞ ¼
M11b2

2Dpðð1 � gpÞa2 þ ð1 þ gpÞb2Þ

	 �r2 þ 2a2 log
r

a
þ a2

h i
(15)

where a is the diameter of the passive plate and b is the

diameter of the PZT and the flexural modulus for the passive

plate Dp is given by

Dp ¼ Eph3

12ð1 � g2
pÞ

(16)

The deflection W2 for the multiple-layer follows [21]

W2ðrÞ ¼
M11b2

2Dpðð1 � gpÞa2 þ ð1 þ gpÞb2Þ

	 �b2 þ 2a2 log
b

a
þ a2

� �
þ M1

2Dcð1 þ gcÞ
ðb2 � r2Þ

(17)

where the flexural modulus for the multi-layer structure Dc is

given by

Dc ¼
Ech3

12ð1 � g2
cÞ

(18)

From the continuity condition

dw1

dr

����
r¼b

¼ dw2

dr

����
r¼b

(19)

The moment M11 is found to be

M11 ¼ �
M1Dpðð1 � gpÞa2 þ ð1 þ gpÞb2Þ

Dcð1 þ gcÞða2 � b2Þ (20)

From Eqs. (15) and (17), it is easy to see that the

dimensions of the PZT, the passive plate and the bonding

Table 1

Properties of the PZT, conductive epoxy and passive plate

Property Tensor (in order of x, y, z, xy, yz and xz)

PZT Piezoelectricity e (C m�2) 0 0 �5:4

0 0 �5:4

0 0 15:8

0 0 0

0 12:3 0

12:3 0 0

2
666666664

3
777777775

Permittivity e (F m�1)
8:107 0 0

0 8:107 0

0 0 7:346

2
64

3
75	 10�9

Compliance S (m2 N�1) 16:4 �5:75 �8:45 0 0 0

0 16:4 �8:45 0 0 0

18:8 0 0 0

44:3 0 0

symmetric 47:5 0

47:5

2
666666664

3
777777775
	 10�12

Epoxy Young’s modulus E (GPa) 5.17

Poisson ratio c 0.3

Glass Young’s modulus E (GPa) 62.75

Poisson ratio c 0.2
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layer and their Young’s modulus have a significant influence

on the magnitude of the microactuator deflection. Mean-

while, some nondimensional variables such as (b/a)2,

Ebh3
b=Eph3

b, and Epzth
3
pzt=Eph3

p are expected to have effects

on the performance of the piezoelectric microactuator.

Details will be discussed in the following section.

3. Results and discussion

3.1. Comparison with data from experiments and finite

element simulation

The analytical equation derived in the previous section

allows one to directly predict the performance of the piezo-

electric actuator. However, such analytical solution needs to

be verified first since the derivation process involves a major

assumption of linear strain distribution between the PZT

disk, the bonding material, and the passive plate. One

effective way to verify this analytical solution is to compare

it with the results from FEM. Due to dimensional symmetry,

only a quarter of the piezoelectric actuator is considered in

this paper using a commercial FEM package, Ansys 5.7 with

fixing and symmetrical boundaries. The 10-node Solid-92 is

chosen to model the passive plate and the bonding layer. The

coupled field scalar Solid-98 is used to model the PZT layer.

There are approximately 4000 elements in this model.

Another way to verify this analytical equation is to compare

its results with available experimental data using the same

dimensions and materials for the PZT disk, the bonding

material, and the passive plate [14]. The properties for the

PZT (PZT-5A), the conductive epoxy (EPO-TEK H31), and

the passive plate are summarized in Table 1. The piezo-

electric microactuator dimensions are listed in Table 2. The

working voltage is 50 V (zero-to-peak).

The passive plate deflection from the analytical solution,

the FEM simulation, and experimental results is shown in

Fig. 5. The maximum deflection at the center of the passive

plate from the analytical equation is 0.1788 mm and the

deflection from the FEM simulation is 0.1829 mm, resulting

in a discrepancy less than 3%. The bonding process during

the micropump fabrication often introduces some residual

thermal stress. From simulation, a tensile residual stress of

1 MPa is found inside the passive plate. After including this

stress, we found that the passive plate deflection from our

analytical prediction agrees well with experiment study.

This suggests that the analytical equation derived in this

work is valid.

We also extended the investigation to other bonding

materials and passive plates by comparing the analytical

results with those from the FEM simulation. Because typical

Table 2

Dimensions for the piezoelectric actuator simulation

The passive plate diameter a (mm) 6.0

The passive plate thickness hp (mm) 500

Piezoelectric disk diameter b (mm) 4.0–5.0

Piezoelectric disk thickness hpzt (mm) 200

Bonding layer thickness hb (mm) 20

Fig. 5. The passive plate profile from analytical calculation, experimental data, and FEM simulation. The working voltage V0-p ¼ 50 V, the bonding layer

thickness ratio hb-p ¼ 0:04, and the passive plate thickness hp ¼ 500 mm.
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Poisson ratio of materials is from 0.2 to 0.3, the passive plate

deflection change due to Poisson ratio variation is less than

3%. Therefore, only the Young’s modulus effect is investi-

gated. We found that there is no significant error from this

analytical solution if we change the Young’s modulus of the

bonding layer from 0.5 to 10 times that of the current one

(Fig. 6). However, when this Young’s modulus ratio is below

0.2, the linear strain assumption in deriving the analytical

solution is not valid any more. For the passive plate plates of

various Young’s modulus from 30 to 600 GPa, Fig. 7 suggests

this analytical equation is able to predict reasonable passive

plate deflections. But if this ratio is below 0.5, this analytical

equation fails to predict accurate passive plate deflection since

the linear strain assumption is not valid. From a practical point

of view, this range of Young’s modulus (from 30 to 600 GPa)

covers almost all possible MEMS plate materials such as

glass, silicon, silicon nitride, and most metals.

3.2. PZT disk effects

The PZT disk is an important element in a piezoelectric

actuator. The dimensions of the PZT disk play a significant

Fig. 6. Results from FEM and analytical calculation with different Young’s modulus, normalized with the passive plate thickness hp ¼ 500 mm.

Fig. 7. Results from FEM and analytical equation with different passive plate Young’s modulus Ep.
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role in the actuator design. Practically, the bonding layer is

less than 100 mm (typically around 20 mm), and rather

thin compared to the passive plate. Therefore, we inves-

tigated the PZT/passive plate thickness ratio effect on the

passive plate deflection for bonding layer/plate thickness

ratio hb-p ranging from 0 to 0.4 as shown in Fig. 8a. We

found that the passive plate deflection decreases when

increasing the bonding layer/passive plate thickness ratio

hb-p and increasing the PZT/passive plate thickness ratio.

For the PZT/passive plate thickness ratio less than 0.5, the

bonding material thickness effect becomes important. In

order to find the bonding layer effect in detail, the data is

normalized with the passive plate deflection with no bond-

ing layer. Fig. 8b shows the bonding layer effect is the

strongest when the PZT thickness ratio is around 0.15.

However, when this thickness ratio is beyond 0.8, the

bonding layer effect is limited. In Fig. 9a, the passive

plate deflection increases when the square of the PZT/

passive plate radius ratio increases, but decreases with the

bonding material thickness ratio hb-p. In Fig. 9b, when the

bonding layer thickness ratio is larger than 0.3, the passive

plate deflection drops down to a value of 80% of the

passive plate deflection without the bonding layer. This

result implies the bonding layer reduces the passive plate

Fig. 8. The center passive plate deflections at different PZT disk thickness, (a) normalized with the passive plate thickness hp ¼ 500 mm, (b) normalized with

the case that the bonding layer thickness ratio hb-p ¼ 0.
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deflection significantly when the bonding layer thickness

ratio is above 0.3.

3.3. Bonding material effects

In previous studies of developing analytical solutions for

circular piezoelectric microactuators, the bonding layer

effects on the actuator performance were usually neglected

in order to simplify the model [15,16]. The analytical solu-

tion derived in this work allows one to investigate the

bonding layer material effect including its dimensions and

Young’s modulus as shown in Fig. 10. Increasing the bonding

material thickness will reduce the passive plate deflection,

but when the PZT/passive plate thickness ratio hpzt-p is above

0.4, the maximum passive plate deflection does not show a

significant change. This implies the bonding material effect is

limited and negligible for a thick PZT actuator. However, for

a thin PZT disk (e.g. less than 200 mm thick), we found that

the bonding material effect cannot be neglected. But this does

not mean the thinner PZT gives a larger deflection. We

performed this analysis under a constant voltage. In practice,

a piezoelectric material has maximum allowable field

strength. If this maximum allowable field strength is

exceeded, the material will degrade and eventually lose its

piezoelectric properties. If the electric filed remains constant,

there exists an optimal PZT thickness for the specific bonding

Fig. 9. The passive plate center deflection at different radius ratio of PZT disk and the passive plate, (a) normalized with the passive plate thickness

hp ¼ 500 mm, (b) normalized with the case that the bonding layer thickness ratio hb-p ¼ 0.
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layer thickness ratio as depicted in Fig. 11. Moreover, there is

a slight increase of this optimal PZT disk thickness when the

bonding layer thickness increases.

3.4. Passive plate effects

The passive plate dimensions also have an important role

on the actuator performance. Considering practical applica-

tions, we focus the study on passive plate thickness and

diameter ratio from 0 to 0.5. Meanwhile, the PZT diameter

effect is coupled in this investigation with the PZT and the

passive plate diameter ratio Rpzt-p ranging from 0.2 to 1.0. In

Fig. 12, the maximum achievable passive plate deflection

reaches a peak when the passive plate thickness/diameter

ratio is around 0.01–0.02. Although this ratio is not practi-

cally useful for actuator design, this analytical solution does

suggest that in order to enhance the performance of the

single layer piezoelectric actuator, the passive plate thick-

ness/diameter ratio needs to be as close to 0.02 as possible.

Also, a larger diameter PZT disk will yield bigger deflection.

Fig. 10. The passive plate center deflections at different Ebh3/Eph3 ratio, normalized with the passive plate thickness hp ¼ 500 mm.

Fig. 11. The passive plate center deflections at different Epzth
3/Eph3 ratio under a constant electrical field, normalized with the passive plate thickness

hp ¼ 500 mm.
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4. Conclusions

An analytical equation for the analysis of a PZT actuator

was derived based on an assumption of linear strain dis-

tribution along the PZT disk, the bonding layer, and the

passive plate. Results from both FEM simulation and experi-

ment data verified that this analytical equation is valid. One

important aspect of this analytical solution is that it can

predict the performance of the PZT actuator system with

different design parameters and operation conditions, and

therefore allow one to optimize the design. The dimensions

and properties of the PZT disk play a significant role in the

actuator performance. The passive plate deflection decreases

as the PZT thickness and bonding material thickness

increase and increases as the PZT radius increases. The

bonding layer effects become important for a thin PZT disk.

The mechanical properties such as the Young’s modulus also

have certain effects on the passive plate deflection. When the

electric field is kept constant, there exists an optimal PZT

thickness. When the bonding layer thickness increases, this

optimal PZT thickness also increases. Moreover, this ana-

lytical solution suggests that an optimal value for the passive

plate thickness/diameter ratio is about 0.02 in order to get

high performance actuator design.
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